We present a design scheme to achieve equalization of Gaussian-like spectra by using linear-phase optical lattice filters. The proposed scheme separates the design of the phase response from the amplitude response of the equalization filter by introducing a symmetrically folded lattice structure. With the proposed structure, the linear-phase characteristic of the equalization filter is guaranteed regardless of the other design parameters. Then the amplitude response of the equalization filter is designed through a constrained optimization problem solved by using an efficient recursive algorithm. In addition to theoretical analysis, the effectiveness of the proposed design scheme is demonstrated by simulations and experiments through the equalization of a superluminescence light-emitting diode as an illustrative example.
INTRODUCTION
Spectrum equalization is an important task in many optical engineering applications, such as in optical communications 1, 2 and in optical measurements and sensors. 3 In these applications, many of the optical components/devices have Gaussian-like spectral responses. [3] [4] [5] [6] Thus, equalization of Gaussian-like spectra becomes a concern. Generally, spectrum equalization has three primary objectives. First, the equalized spectrum shall be as flat as possible within a given bandwidth. Second, the filter used for the spectrum equalization shall introduce as little attenuation as possible. Third, a linearphase response of the equalization filter is much desired for stringent dispersion management of optical communications. 1, 2 In the recent literature, 7, 8 quantitative filter design schemes are proposed to equalize Gaussian-like spectra, either in a forward structure 7 or in a feedback structure, 8 in a maximally flat sense. But the proposed filter structures and design approaches can only guarantee the first two requirements for spectrum equalization. Thus the resultant filters may have nonlinear-phase responses within the bandwidth. Although several approximate chromatic dispersion compensation schemes, such as dispersion compensating fibers, 9 chirped fiber Bragg gratings, 10 and all-pass filters 11 are available, exact linear-phase responses 12 are desired so that dispersioninduced degradation of the optical signal can be eliminated. To this end, a simple but traditional method has been proposed particularly for optical interleavers. 13, 14 This method designs an equalization filter that is formed by connecting two identical lattice filters reversely (backto-back) through one of the two outputs of the filters. As a result of the conjugation of the phase relationship between the two lattice filters, zero dispersion of the equalization filter can be achieved. However, the designed equalization filter exhibits significant attenuation because part of the light leaks from one of the unused outputs of the first lattice filter.
In this paper, we develop a lattice filter design approach to address the requirements of a linear-phase response of the equalization filter and spectrum amplitude responses. First, we propose a symmetrical mirror lattice structure of the equalization filter to equalize the Gaussian spectrum. The proposed structure guarantees a linear-phase response of the equalization filter regardless of the choices of the design parameters. Then, with the linear-phase being guaranteed structurally, the equalization filter design is reduced to one of designing the filter to meet the amplitude requirements. We employ a constrained optimization design approach similar to the one proposed earlier, 7 but we improve the approach in two respects. The first improvement is that the trade-off between flatness and attenuation is considered quantitatively in the filter design. The second improvement is the simplified recursive algorithm that is used to calculate the design parameters. The recursive algorithm takes advantage of the symmetric structure of the equalization filter, so that the computational load is reduced to be the same as that of the previous result 7 even though the num-ber of design parameters is doubled. The effectiveness of the proposed design scheme is demonstrated by implementing the proposed equalization filter with fiber components to equalize the spectrum of a super-luminescence light-emitting diode (SLED).
SPECTRUM EQUALIZATION FILTER WITH AN EXACT LINEAR-PHASE RESPONSE
Many optical devices have Gaussian-like spectral characteristics that can be approximated by an analytic Gaussian function. For example, the output spectrum of a SLED is Gaussian-like, as shown in Fig. 1 . To equalize the Gaussian-like spectrum, an equalization filter can be constructed in two steps. 7 In the first step, an analytic Gaussian function is used to approximate the original Gaussian-like spectrum. The Gaussian function used is expressed as F͑w͒ = ␤e
2 , where w 0 corresponds to the central wavelength, ␤ the amplitude, and ␦ the deviation of the Gaussian function. In the second step, an equalization filter with a transmission spectrum denoted by ͉P͑w͉͒ is designed, as shown in Fig. 1 . The objective of spectrum equalization can be stated as one of designing the equalization filter with a transfer function P͑w͒ to satisfy three specifications. First, the phase of the equalization filter denoted by arg͓P͑w͔͒ should be a linear function of w, as shown in Fig. 1 . Second, the overall spectrum ͉P͑w͉͒ ϫ F͑w͒ should be as flat as possible over a transmission bandwidth. Third, the resultant attenuation of ͉P͑w͉͒ ϫ F͑w͒ should be as small as possible. Moreover, the design should allow for a trade-off between flatness and attenuation in order to have a lower attenuation or a wider bandwidth for some practical applications.
In this paper, a linear-phase response of the equalization filter is achieved by a symmetrical mirror lattice filter structure. The lattice structure consists of two identical Mth-order optical lattice filters, denoted lattice filter 1 and lattice filter 2, as shown in Fig. 2 . Each Mth-order optical lattice filter is formed by linking ͑M +1͒2 ϫ 2 directional couplers with M differential time-delay lines. The two Mth-order lattice filters are connected in a symmetrically folded manner through a unit-delay line with length difference of ⌬L as shown in Fig. 2 . This is different from the traditional method in that the two lattices' ports are all used. Thus, there is no leakage of light.
To show the linear-phase response of the filter, we derive the transfer function P͑w͒. We first introduce the following denotations. The optical fields at the ith port of lattice filter 1 and lattice filter 2 are denoted E i Ј and E i Љ ͑i =1,2,3,4͒, respectively. The power coupling ratios of the directional couplers are denoted by i ͑i =1,2, . . . ,M +1͒ in both lattice filters 1 and 2. These coupling ratios are the design parameters. All the differential delay lines are denoted by differential length ⌬L, which can be chosen according to the bandwidth to be designed. Furthermore, the field transfer functions with respect to the bar 15, 16 :
where the superscript * represents the complex conjugate. According to the principle of reciprocity of optical circuits, 15 the symmetrically folded structure means that the transfer function from the ith ͑i =1,2͒ input port to the jth ͑j =1,2͒ output port is the same as the one from the jth input port to the ith output port. Therefore, the field transfer matrix of lattice filter 2 can be expressed as
Combining (1) and (2), the overall field transfer matrix of the proposed structure S is obtained as 
where
. . ,M +1͒ are the filter coefficients of Q cross M . Therefore, we can conclude that the filter with the proposed structure delivers an exact linear-phase response regardless of the other design parameters, including the coupling ratios in the lattice filters.
DESIGN OF THE SPECTRUM EQUALIZATION FILTER WITH DESIRED AMPLITUDE RESPONSES
In this section, we present design of the equalization filter to produce the desired amplitude response by considering the trade-off between flatness and attenuation. The basic idea can be described as follows. As shown in Ref. 7 , the flatness can be characterized by the various orders of the derivative of P LF M ϫ F with respect to w at the central wavelength (LF stands for lattice filter). This implies that the equalized spectrum can be approximated by a polynomial given by C 0 + C 2M+2 w 2M+2 where C 0 and C 2M+2 are constants. Such a spectrum is said to be maximally flat of order 2M + 2. In practice, it is common to allow for certain ripples in the equalization spectrum in order to attain a wider equalization bandwidth or to reduce the attenuation. This can be achieved by approximating the equalization spectrum with C 0 + ⑀Јw k + C 2M+2 w 2M+2 where ⑀Ј is a small number denoting the ripple level and k is an integer less than 2M + 2. This can be achieved in turn by assigning the kth derivative of P LF M ϫ F to be ⑀Ј. Using this idea, we improve the previous optimization-based design approach 7 to quantify the trade-off between flatness and attenuation.
From the above discussion, the power transfer function of the filter P LF M can be expressed as
Hence the equalized spectrum is P LF M ϫ F.
The various orders of derivatives of P LF M ϫ F at the central wavelength are given by
for q =1,2, . . . ,2M + 2, where we have used the relation-
. It is can be easily verified that the odd-order derivatives of ͑Q cross M ͒ 2 on the right side of Eq. (6) are zeros automatically when evaluated at w = 0. It is also noted that all the odd-order derivatives of a Gaussian spectrum F are zero when they are evaluated at w = 0. Based on the same reason as in Ref. 7 , we can conclude that all the odd derivatives of ͑Q cross M ͒ 2 ϫ F are zero at w =0. Hence, to consider the ripple in the maximally flat spectrum, it is sufficient to assign one of the even-order derivatives of ͑Q cross M ͒ 2 ϫ F. Without loss of generality, we choose the second-order derivative. Then, we have the following set of M + 1 nonlinear quadratic equations in terms of the filter coefficients f k,2M+2 from Eq. (6):
We represent the unknown coefficients of where A p R ͑M+1͒ϫ͑M+1͒ is a full-rank matrix and its element a k,n p can be expressed, from Eq. (7), as 
with p =1,2, . . . ,M +1, k =1,2, . . . ,M + 1, and n =1,2, . . . ,M +1.
Then the design of the filter with desired amplitude responses is reduced to a constrained optimization problem that is given by
where g͑v͒ = ͚͑ k=1 M+1 f k,2M+2 ͒ 2 and the matrix A p is given by the expression of a k,n p as shown in Eq. (9) . Solving this constrained optimization problem, we can obtain the design parameters f k,2M+2 that are used to form the desired power transfer function of P LF M . Now, we shall quantify passband ripple, bandwidth, and attenuation of the equalized spectrum. Here, we define the passband ripple ⑀ as the amplitude difference of the equalized spectrum within the passband in dB, the passband bandwidth as the range between two points where a line tangential to the ripple bottom cuts the boundary of the spectrum curve, and the attenuation as the central power of the equalized spectrum.
Denote the optimal solution to Eqs. (10) as v ; the equalized spectrum obtained from the above constrained optimization can be approximated by a polynomial function characterized by
where (11), we can derive the following relations. First, the attenuation of the equalized spectrum is clearly given by C 0 . Second, the ripple level ⑀ and the optimal solution v can be established by finding the peak amplitude and the valley amplitude of the equalized spectrum within the passband. Assume that the equalized spectrum hits the peak at w = w h . We then have the associated Hessian matrix d 2 ͑P LF M F͒ /dw 2 Ͻ 0. Using relation (11), we can obtain
T A M+1 v . On the other hand, it can also be easily verified that w = 0 always corresponds to the valley amplitude of the equalized spectrum where the associated Hessian matrix d 2 ͑P LF M F͒ /dw 2 Ͼ 0. This is because the equalized spectrum is an even function. Thus, by using relation (11), the ripple level ⑀ can be related to v as ⑀ = 10 log
Since w = 0 is always the valley point, the ⑀ dB bandwidth of the equalized spectrum in the wavelength domain can be assessed by
where w b is the upper bound of the ⑀-dB bandwidth in the normalized w domain and is given by
T A M+1 v by using relation (11) . Equations (12) and (13) quantify the trade-off between the flatness level ⑀, the attenuation C 0 , and the passband bandwidth BW ⑀ . It is noted that the passband ripple around the central wavelength can be further approximated by ⑀ = 10 log͑1+͑C 2 / C 0 ͒w h 2 ͒. Hence, the small ripple can be considered in the filter design through assigning C 2 a small value ⑀Ј. Further examination shows that the bigger the ripple level, the wider the bandwidth and the smaller the attenuation. When C 2 = 0, the maximally flat spectrum can be achieved.
RECURSIVE ALGORITHM FOR CALCULATING THE DESIGN PARAMETERS OF THE LATTICE FILTER
Having obtained the desired transmission P LF M , we propose in this section a recursive algorithm to calculate the design parameters, which are the coupling ratios c i and s i ͑i =1,2, . . . ,M +1͒ for all directional couplers used in the filter. Clearly, the recursive algorithm proposed in our previous work 7 could be used. But it is noted that the proposed linear-phase equalization filter uses double the number of couplers than those used previously. 7 Hence, the calculation load would increase greatly if the previous recursive algorithm were used. Here, we present a modified recursive algorithm, by taking advantage of the symmetrical structure, to reduce the computational load to the same size as the previous one while achieving the same flatness of the equalized spectrum.
Denote 
where z = e jw is the z-transform expression of the filter with the 2͑M +1͒ zeros appearing in pairs of 
where S M and S M−1 are the transfer matrices of the Mth and ͑M −1͒th stages of the lattice filters, respectively, and S i and S i represent the transfer matrices of the ith directional coupler and ith differential arm, respectively. We have shown in Eq. (4) 
where (4) and (19) into Eqs. (17) and (18), we have the following expressions of Q bar M−1 and Q cross M−1 :
Gaussian-like spectrum of an SLED. Following the procedures of the proposed design scheme, the SLED spectrum is first approximated by an analytic Gaussian function. Using the least-squares approximation method, the optimal Gaussian function is obtained with a central wavelength of 1544.2 nm, amplitude ␤ = 0.98, and derivative ␦ = 0.68. The resultant approximation error is within the range of 0.012 dB. The performance of the proposed design scheme will be studied by considering three cases. First, we consider the design of an equalization filter to deliver a fourth-order maximally flat spectrum, and we compare the performance with the previous results, 7 which achieved the same order of flatness of the equalized spectrum. Then we examine the performance of the proposed equalization filter by considering the trade-offs among flatness, bandwidth, and attenuation.
A. Spectrum Equalization in the Sense of Fourth-Order Maximal Flatness Spectrum
In order to show the effectiveness of the proposed design scheme and compare its performance with the previous result, we consider the treatment required to deliver the equalized spectrum of fourth-order maximal flatness. To this end, three optical couplers are used respectively in lattice filters 1 and 2 to construct the proposed equalization filter. In this case, the design parameter ⑀Ј is set to zero. The design problem is summarized as
With the maximally flat conditions in Eqs. (8) and (9), the constraints are correspondingly obtained. After normalization, the design parameters of the optical lattice filter for fourth-order maximal flatness are calculated and shown in Table 1 . The equalized spectrum and the phase response of the equalization filter are plotted in Fig. 4 . Clearly, the equalization filter designed by the proposed scheme delivers a flat spectrum and has an exact linearphase response. As a comparison, we design the equalization filter by using the previous method 7 to flatten the Gaussian spectra to attain the same order of flatness. The filter is formed by three couplers. The equalized spectra and the phase response of the equalization filter are shown in Fig.  4 , from which it can be seen that the proposed method has a constant group delay while there is an unavoidable 6 ps of group delay variation by the previous design scheme. 7 In addition, the equalized spectrum flattened by using the proposed scheme has a higher normalized output power at the central wavelength of about 0.62 than the 0.27 of the previous method.
B. Trade-Offs Among Flatness, Passband Bandwidth, and Attenuation
To see the trade-offs, we consider the equalization of the Gaussian spectrum by using four couplers to form the equalization filter as proposed. The spectrum equalization is sought by imposing different flatness requirements, which are characterized by taking ⑀Ј with different values from 0.1 to 0.5. Given a value of ⑀Ј, the desired equalization filter can be obtained by solving the con- strained optimization problem of Eq. (10). The ripple level ⑀, the attenuation, and the ⑀-dB passband bandwidth are calculated from 10 log͑C 0 ͒, Eq. (12), and Eq. (13), respectively, and are listed in Table 2 . Figure 5 shows the equalized spectra corresponding to ⑀Ј =0, ⑀Ј = 0.3, and ⑀Ј = 0.5. It is clear from the table that a smaller ripple yields less attenuation, but the passband bandwidth is narrower. We also need to check the accuracy of the approximation. To this end, we measured the ripple, the attenuation, and the passband bandwidth of the equalized spectra. The measurement results are listed in Table 2 . Comparison shows that the calculated passband ripple and bandwidth have good accuracy when evaluated up to 0.5 dB bandwidth, which is sufficient for the assessment of equalized spectra.
EXPERIMENTAL RESULTS
To further demonstrate the effectiveness of the proposed design scheme, an all-fiber optical lattice filter was built to equalize the SLED spectrum. Using the design parameters obtained in the simulation section, we implemented a third-order overall lattice filter to examine the experimental behavior. The fabrication adopts the methods in Refs. 17 and 18. We connected the filter to the output of the SLED where the Gaussian-like spectrum is measured. The equalized spectrum is shown in Fig. 6(a) . Figure 6(b) shows the group delay response of the equalizer measured with an optical dispersion analyzer (Agilent 86038A). An equalization filter was also fabricated by using the maximally flat design method without linearphase design. 7 The equalized spectrum transmission and the group delay response of the equalizer are also shown in Figs. 6(a) and 6(b) , respectively, for comparison. It is shown that, with the proposed equalization filter, 0.5 dB and 3 dB flat passband bandwidths are almost the same as in Ref. 7 , while the output power increased by around 2 dB. The proposed design scheme provides the lattice equalizer with a constant group delay; however, the method of Ref. 7 has an inevitable 6 ps of group delay variation. These numbers demonstrate the effectiveness of the proposed design approach.
It needs to be mentioned that to ensure that all-fiber devices are practically useful, a thermal controller 19 was used to deal with the issue of thermal stability. The results in Ref. 19 showed that good temperature stability can be achieved under the standard Bellcore (Telcordia) testing condition. Besides, when considering higher-order lattice filter fabrication, planar waveguide technology 20 is more suitable to implement the filter because of its maturity, dense integration, high-precision control, and thermal stability. Actually, the proposed design scheme and algorithm are not specifically limited to fiber implementation; they are applicable to waveguide implementation as well.
CONCLUSION
We have presented a formalized and quantitative scheme for designing a Gaussian-like spectrum equalization filter with exactly linear-phase response. It takes into consider- ation the trade-offs among attenuation, passband ripple, and bandwidth of the equalized spectrum in the design scheme. To reduce the calculation load, the proposed design scheme includes a recursive algorithm taking into account the symmetric structure of the equalization filter. As an illustrative example, the proposed equalization scheme was applied to realize an all-fiber lattice filter to flatten a Gaussian-like spectrum of an SLED. It was shown, through simulations and experiments, that the proposed equalization filter can yield improved spectrum equalization results with linear-phase response and higher output power compared with existing equalization results.
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